In this paper, a reliable non-linear high order explicit differential transform based method for solving initial value problems of ODEs is presented. The method is based on deriving a general nonlinear relation between the dependent variable and its derivatives from the well known differential transform method. The method results in rational explicit one step integration schemes with arbitrary-order accuracy. The error and stability analysis of the method is presented. Some stiff and nonstiff initial value problems are solved to illustrate the performance and accuracy of the method. Mathematics Subject Classification: 65L05, 65L20
Introduction
The Taylor series method is one of the earliest analytic-numeric algorithms for the approximate solution of initial value problems for ODEs. One of the main advantages of using a Taylor series method is that the approximate solution is given as a piecewise polynomial function defined on the subintervals of the whole interval integration. This property offers different facility for adaptive error control [17, 24] . However, high computational effort associated with calculating higher order derivatives, even if one uses the computer algebraic systems , and the lack of stability [17, 18, 23] are usually being the important reasons that hamper high-order Taylor series method applications . Implicit Taylor series methods work well with stiff problems but these methods requires more work per step than the explicit method [1, 14, 16, 18, 21] .
The main idea of the rehabilitation of Taylor series method is based on enlarging the stability regions and obtaining higher derivatives using recent well-known techniques such as differential transformation . Recently, Differential Transform Method (DTM) which is based on Taylor series expansion is introduced as a multiple step explicit integration method, namely multi-step DTM (MsDTM), for finding approximate solutions of initial-value problems; see for example [6, 7, 8, 10, 12, 20, 22] . DTM is a computationally inexpensive integration method while Taylor series method is computationally taken long time for large orders. Although DTM is computationally cheaper than Taylor series method, it is a Taylor series method in essence, where it just formulizes the Taylor series in a different manner, and consequently DTM is conditionally stable method [2, 9] .
Recently, Ebady et al. [3] presented a fourth order A-stable explicit method for solving stiff differential systems arising in chemical reactions. This method was extended to a fifth order A-stable method by El-Zahar et al [4] . These methods are based on deriving a nonlinear relation between the dependent variable and its derivatives from the well known Taylor series expansion. Extension of these methods to higher order ones is computationally expensive because of more effort is required for calculating higher order derivatives. In this paper, a general non-linear high order explicit method is presented for solving initial value problems for ODEs . The method is based on the idea presented by El-Zahar [5] and on deriving a general nonlinear relation between the dependent variable and its derivatives from the well known DTM. The method does not evaluate the derivatives symbolically, where it uses the same iterative procedure in DTM, and so it is computationally inexpensive. The method results in rational explicit one step integration schemes with arbitrary-order accuracy. The error and stability analysis of the method is presented. Some stiff and non-stiff initial value problems are solved to illustrate the performance and accuracy of the method.
2
Non-linear explicit DTM (NDTM)
Consider the initial-value problem given by
where it is assumed that f satisfies all the requirements of the uniqueness theorem in order for (1) to have a unique solution. The interval [a, b] is divided into a number of subintervals [t j , t j+1 ] with t 0 = a and t j = a + jh , such that h is the step size. Suppose that we have solved numerically the problem in (1) up to a point t j and have obtained a value y j as an approximation of y(t j ) . Assuming the localization hypothesis , Lambert [15] , y j = y(t j ), we are interested in obtaining an approximate value, y j+1 , for the true value y(t j+1 ). For that purpose, the following method is developed. By considering differential transform series expansion of y(t) about t j , we have
where
and φ is some parameter which determined later from the error analysis. From (2) and (3) we have
and from (3) and (4) we have
Thus we get the integration algorithm
It is clear that, the method (2)- (6) does not evaluate the derivatives symbolically, where it uses the same inexpensive procedure in DTM, and so it is computationally inexpensive.
The local truncation
The local truncation error T j+1 is readily obtained from subtracting (6) from differential transform series solution in (2), and collecting terms in h
(7) It is clear that the relation (6) has at least (2m) th order-accuracy. Setting φ = 0 in (6) and (7) results in (2m) th order-accuracy method and given by
with local truncation error given by
Remark1. From the local truncation error (9) , it may be verified easily, using Maple, that the method in (8) is exact when the solution of the differential equation in (1) is of the form
where p, q, r and s are constants.
Equating the coefficient of h 2m+1 of (7), i.e, L = 2 , by zero suggests that φ = φ 1 , where
, and results in the integration algorithm
which can simply written as
It is clear that the relation (12) has at least (2m + 1) th order-accuracy.
Consistency
Subtracting Y j [0] from both sides of (6) and dividing the result by h, leads to
Taking limit as h tends to zero, on both sides of (14), we have
Suggesting that the algorithm defined by (6) is consistent one step explicit method.
Stability Analysis
In order to examine the present method (6) for the stability, let us consider the differential equation, y = λy, where λ is a complex constant and Re(λ) < 0. For this equation, Eq. (6) can be rewritten as
Setting z = λh in the above equation, the amplification factor is therefore
And thus
Setting φ = 0 in (17) results in the amplification factor of the (2m) th orderaccuracy method (8) and given by
which is less than one on the left-half complex plane for m = 1, 2 and thus the method (8) results in A-stable rational second and fourth order schemes . From (10) we have
and thus the amplification factor of the (2m + 1) th order-accuracy method (12) is given by
which is less than one on the left-half complex plane for m = 1, 2 , and thus the method (12) results in A-stable rational third and fifth order schemes.
Remark2. At m = 1, the NDTM (8) results in
which is the A-stable second-order scheme in [11, 15, 19] and given by
, which is the A-stable fourth-order scheme in [3] and given by
Remark 4. At m = 1 , the NDTM (12) results in
which is the A-stable third-order scheme in [5, 11] and given by
Remark 5. At m = 2, the NDTM (12) results in which is the A-stable fifth-order scheme in [4] and given by
A comparison of stability analysis in sense of A-stability between the present NDTM and three different kinds of nonlinear rational methods in [11, 15, 19] is presented in Table1 and shows that the present method is the most suitable to solve stiff systems. Figure 1 shows that, for m ≥ 3 , the present explicit NDTM has larger stability regions than DTM or classical or Modern explicit Taylor series method (METsM) [9] . We can observe that from (18), (19) and from Figure 1 that the present method is absolutely stable for ODEs having negative pure real eigenvalues.
Numerical Results
In this section, we integrate several initial value-problems of different nature and present numerical results which verify the theoretical ones in the previous sections.
A Riccati equation
Consider the following Riccati equation
whose exact solution is y(t) = 6 t − 1 2 t − 1 .
Although the solution of (20) has a pole at t = 0.5, the present NDTM (8) solve the problem without truncation error as shown in Figure 2 . Consider the following nonlinear stiff singularly-perturbed problem.
A singularly-perturbed problem
whose exact solution is y(t) = 20 1 + 20 t/ε .
The present NDTM (8) solves the problem (21) without truncation error as shown in Figure 3 .
Separately excited D.C motor
The transient behavior of the separately excited D.C motor can be described by following stiff ODE system [13] .
For system (22) , at ε= 0.001, u= 1, T L = 0.1, the eigenvalues are λ = −9.998e+ 003, −1.2446e + 00 , the stiffness ratio is 802.625, and the drawback of linear explicit methods are more severe, where for (22) , the Euler method is stable only if h ≤ 2.002e − 003, the RK4 method is stable only if h ≤ 2.7881e − 003, and the Taylor series method or DTM (8 terms and 16 terms) is stable only if h ≤ 4.3179e − 003 and h ≤ 7.3316e − 003 respectively.
System (22) has been integrated using the present NDTM on the interval [0, 4] and the results are presented in Figures 3,4 and Tables 2,3 for different values of orders and step size. The errors have been defined as the maximum of the absolute pointwise errors for each component of the solution as E ωI = max {E ωr , E Ir } where E ωr = ω r (τ j ) − (ω r ) j and E Ir = I r (τ j ) − (I r ) j . Figure 4 shows the solutions of (22) using DTM and NDTM at order =11 and different values of the step size. It can be observed that the DTM solution at h = 0.0055 below up and diverges due to the stability restriction of this method while the NDTM solutions converge to the exact ones even for larger step size h = 0.01.
As shown in Figure 5 , for the same order, as the step size increases the DTM error increases faster than that of NDTM. Tables 2, 3 show that, for the same order and step-size, the NDTM has a larger convergence region than that of DTM and results in error smaller than that of DTM. Also, results in Tables 2, 3 show that, for specific values of the step-size h , the DTM error is below up due to the stability restriction, we insert dashes (-) to indicate this phenomenon, while the NDTM error remains bounded and the method perform better even for larger step-size. Step Size , h 
Results in

Conclusion
In this paper, a reliable non-linear high order explicit differential transform based method for solving initial value problems of ODEs is presented. The error and stability analysis of the method is presented. The error analysis shows that the method results in two families of rational explicit one step integration schemes with arbitrary even or odd-order accuracy. The stability analysis shows that the method is A-stable for ORD ≤ 5, and has larger stability regions than Taylor series method or DTM for ORD > 5, and is absolutely stable for ODEs having pure real eigenvalues. The comparison of stability analysis in sense of A-stability between the present method and three different kinds of nonlinear methods shows that the present method is the most suitable to solve stiff systems. The method does not evaluate the derivatives symbolically, where it uses the same inexpensive iterative procedure in DTM, and so it is computationally inexpensive. Moreover, the non-linear characteristic of the method suggests that it is suitable to solve special problems without truncation error for which conventional methods result inefficient, such as singular IVPs or singularly-perturbed IVPs. We have applied the method on three initial-value problems, one is singular and two are stiff, and presented the 
